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min f(x,C) = (A(x, G1), f(x, G), ..., fs(x, Cs)),
s.t. xeX,

where s > 2: x = (xl,x2,...,x,,)T e XCZ" neN; C, € R™" s the
k-th cut of C = [cj] € R™*™**.
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min f(x,C) = (A(x, G1), f(x, G), ..., fs(x, Cs)),
s.t. xeX,

where s > 2: x = (xl,x2,...,x,,)T e XCZ" neN; C, € R™" s the
k-th cut of C = [cj] € R™*™**.

P(C)={xeX: X eX (f(x,C) > f(X,C) & f(x,C) # f(x', C))}.
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Turun yliopisto
University of Turku



n is a number of alternative investment projects;
m is a number of predictive states (situations) of the market, i.e. a number
of scenario variants;

Turun yliopisto
University of Turku



n is a number of alternative investment projects;
m is a number of predictive states (situations) of the market, i.e. a number

of scenario variants;
x = (x1,%0,...,x,)" is an investment project portfolio;

Turun yliopisto
University of Turku



n is a number of alternative investment projects;
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n is a number of alternative investment projects;

m is a number of predictive states (situations) of the market, i.e. a number
of scenario variants;

x = (x1,x2,...,x,) " is an investment project portfolio;

xj = 1 if the j-th project, j € N, = {1,2,...,n}, is being chosen, and

xj = 0 otherwise;

X C E", E ={0,1}, is the set of all investment portfolios;

The initial data are two matrices: an efficiency matrix £ = [ej] € R™*"**
and a risk matrix R = [rj] € R™*"*5;

ejjk is efficiency of the k-th type, evaluating project j € N, in the case,
when the market is in the state i € N, = {1,2,..., m};

rijk is the risk measure of the k-th type, which an investor may face if (s)he
chooses j-th project in i-th market state.

For each market state i € N, and each risk type k € N, investment
portfolio x € X is evaluated by index of efficiency and risk (additive

functions):
E ejkxj and E FijkXj -

JjeN, JEN,
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Savage's criteria

f(x, Rx) = ml?lx Rixx = max Zruka — mln k € N,
) " jeN,
where R, € R™*" is the k-th cut R = [rj] € R™*™* with rows
Rik = (ritks fizks - -+ Fink) € R", i € Np,
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Savage's criteria

f(x, Rx) = rgl?lx Rixx = max Zrukxj — m|n k € N,

_/EN,,
where R, € R™*" is the k-th cut R = [rj] € R™*™* with rows
Rik = (ritks fizks- - rink) € R", i € Ny,

Wald's criteria

fu(x, Ex) = m|n E,kx = min ZrUkXJ — mea)><< k € N,

i€Nm fen,
where Ej, € R™*" is the k-th cut E = [ej] € R™*™** with rows
Eix = (ei1k, €2k - - - €ink) €ER", i € Np,.
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Savage's criteria

f(x, Rx) = rgl?lx Rixx = max Zrukxj — m|n k € N,

_/EN,,
where R, € R™*" is the k-th cut R = [rj] € R™*™* with rows
Rik = (ritks fizks- - rink) € R", i € Ny,

Wald's criteria

fu(x, Ex) = m|n E,kx = min ZrUkXJ — mea)><< k € N,

i€Nm fen,
where Ej, € R™*" is the k-th cut E = [ej] € R™*™** with rows
Eix = (ei1k, €2k - - - €ink) €ER", i € Np,.

Criteria of extreme optimism

fi(x, Ex) = m,E\IIX Ejx = max E ejjkXj — max k € Ns.
ieN X
JEN, Turun ylopisto
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€ lloop = | (I Callop: 1 Call - 1ol )| -

the norm of the matrix,
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€ lloop = | (I Callop: 1 Call - 1ol )| -

the norm of the matrix,

ICkllpo = 1| Cakllps | Cokllps - -+ || Conkllp)llps - & € N,
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€ lloop = | (I Callop: 1 Call - 1ol )| -

the norm of the matrix,

ICkllpo = 1| Cakllps | Cokllps - -+ || Conkllp)llps - & € N,

1/p
(Z|3k|p> if 1<p< oo,
llall, = keNs

max{|ax| : k € N5} if p= o0,

32(31732,...735)6]:@5‘

Turun yliopisto
University of Turku



f,(x,C,) A




f(x,C,) A




The stability radius of a Pareto-optimal portfolio x°:

[N

s/ 0 _Josup = if
P(X>CaPaPaP)—{O if

where
S={e>0: VC' €Qe) (x°e P5(C+ )},
Qe) = {C" e R™™* 1 ||C'||ppp < €}
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Theorem 1
Let
= min max min max (Rix — Rio,x°
Pl e X\(x0) KEN: Deny, ieN,,,( ik X))
g2 = _min_ [/m;\? max (Riex — RingxO] T,
xeX\{x%} KEN. i"€Nm €N,
where
[a]" = max{0, a},
then
01 < p°(x% R, 1,1,00) < mox,
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Theorem 1

Let
. . 0
w1 = min  max min max (Rixx — Rijoxx
xeX\{x0} kN, PeN,, :eNm( ' X))

. ; : Ot
> = min min max (Rjyx — Ry x
7= il - Lyl (s S
S

where
[a]" = max{0, a},

then
p1 < p°(x°, R, 1,1,00) < mepy,

®2 S PS(XO, R7 17 17 1) S me»>.
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Theorem 2

Let

0 + 0 +

3= min H[g(x,x 7R)g) ”OO’ 77[}3 — min H[g(X,X 7'?)] Hoo’
xeX\ {0} [x[lpr + [1XOl] xeX\{x0}  [[x = x|
0 + 0 +

©4 = min Il (x, x ’I?] H"O’ Vg = i lllg(x; x a'?] [l oo
xeX\{x0} [[x + X011 xEX\{x} [x — xO|1

_ et Rl e R
xeX\{x0p  [Ix+x0 xeX\[x}  [x —x%||

where g(x,x% R) = f(x,R) — f(x°,R), 1/p+1/p' = 1, then
p3 < pS(XOa R7P>OO7OO) < ¢37

P4 < ps(XOa R»OOaP, OO) < ml/p¢4’

®5 S PS(XOa R,oo,oo,p) S ¢5-

- @ e




The stability radius of a Pareto-optimal portfolio x°:

5 0 | sup if
p(x,E,R,oo,oo,oo)—{ 0 "

[N

0,
0,

=={e>0: Y(E,R)eQ) (xX*cP(E+E,R+R))},
Q) = {(E/,R)) e R™" x R™" - max{||E’||scoo; | R|lccsc } < €}-
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Theorem 3

Let

0 0
. 7(()X ) = mi vgx )
xeX\{x°} [|xO + x||1 xeX\{x°} [|x0 — x||1

where

0 { - 0 - R R.x?
X, X) = mMaxXq max min Ei x E:x min max ' X iX }
70, %) ieNmi’eNm( ' %): ieN,,,i’eNm( ! )y

then
©6 S P2(X07 E7 R,O0,00,00) S ¢6-
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The stability radius of the problem:

)

ps(C,p,p,p)Z{ BUP = 8

£
where

=={e>0: VCeQe) (P(C+C)CPC)},
Qe) = {C" e R™™* 1 ||C'||ppp < €}
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Theorem 4

Let
. . . /
7 = min max min max min (Ejx’ — Ejxx
S x@ZPS(E) x'€P5(x,E) kENs i€Np i’eNm( ! ),
o a o R,‘kX — R,'lkX/
@Yg = min max min  min max T T
x@Ps(R) x'€Ps(x,R) keNs i"€Np i€Nm  ||x + x'[]1
o 2 o R,'kX — R,'/kX/
g = Mmin max min  min max e o
x@P*(R) x'€P5(x,R) kENs i"€Nm i€Nm  [Ix — X||1
then
o7 < p°(E,1,1,00) < mnepy,
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Theorem 4

Let
. . . /
7 = min max  min max min (Eyex — Ejx
S x@ZPS(E) x'€P5(x,E) kENs i€Np i’eNm( ! ),
o a o R,‘kX — R,'lkX/
g = min max — min min max —————,
x@Ps(R) x'€Ps(x,R) keNs i"€Np i€Nm  ||x + x'[]1
o 2 o R,'kX — R,'/kX/
g = min max min - min max ——————
x@P*(R) x'€P5(x,R) kENs i"€Nm i€Nm  [Ix — X||1
then
w7 < ps(Ev ]-v 1,00) < mnyz,
¥8 Sps(R,O0,00,00) §¢8 )
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The stability radius of the problem:

sup = if
pZ(E,R,p,p,m)z{ P ”

where

=={>0: Y(E',R)eQ(e) (P(E+E,R+R)CP(E,R))},

Qe) ={(E",R") e R™" x R™": max{[|E'l|pp, | R'llpp} < €}
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Theorem 5
Let (x.x')
. Y X, X
P9 = min max )
x¢P(E,R) x'eP(xER) [ [(IIxllg, [X'llq)llq
- 206 )
U= PR xePtR) T — X1
’y(X,X/) = min{fl(X/? E) — fi(x, E), f(x,R) — f2(X/a R)},
then
©9 S PZ(E7 R7 P, p, OO) S (mn)l/pwg.
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Example
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Example

r A

f(x') = (1,1),
f(x*) = (2,1),
9
f(x*) = (3,2),
o .o ™
f(X) f(x) P(E,R) = {x2,x%),
>
e

xt & P(E,R).
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Example

r A

F(x') = (1,1 <),
O F(x?) = (2,1),
" f(x)
. F(x*) = (3,2),
f(x ) f(X2 )
-
e

P(E,R) = {x!,x? x3}.
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3
Q- : 'O. f(X) 3
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1 1
¥ = max{41_1/p,0} = 4.1—1/[.7’

1 1
) = max{i, 0} = 5 i



Example
Let m=2, n=3,

X ={x1,x2,x3}, x'=(1,1,0), x> =(1,0,1), x> =(0,1,1),
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Then
f(x') = (1,4), f(x*) =(2,3), f(x*)=(3,4),
P(E,R) = {X2,X3},
x* ¢ P(E,R).
Forl1<p<w For p =
1 1
¢:maX{41_1/p,0}:—41_1/p, (P:1/4’

1 1
v =max{7,0} = =. Y =1/2. =



Example

r A

Q)

fX) o fx)

()

®y

F(x') = (1,4),

F(x*) = (2,3),

F(x°) = (3,4),
P(E,R) = {x*,x*},

xt ¢ P(E,R).
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Example
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Example

Let m=2, n=3,
X ={x1,x2,x3}, x'=(1,1,0), x> =(1,0,1), x> =(0,1,1),
the matrices E € R?*3 and R € R?%3, p =00, o = 1/4, ¢ = 1/2:

o (012 o [2-1/2 2-1/2 14+1/2
E+E _<0 0 1)’ RER _(11/2 3-1/2 1-1/2)°
Then
f(x') = (1,3), f(x*) =(2,3), f(x*) =(3.3).
P(E + E° R+ R%) = {x*},
xt x* ¢ P(E + E°, R+ RY).
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Example

r A

) = (1,3),
f62) = (2,9)
® o O 3
f(x') f(x°) f(x’) ey =18.3),
P(E + E°, R+ R = {x*},
>
e

xt, x> ¢ P(E + E° R+ RY).
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Example

Let m=2, n=3,
X ={x,x%,x3}, x'=(1,1,0), x> =(1,0,1), x> =(0,1,1),
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Example

r A F(x') = (1,3 —¢),
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fx') f(x) f(x)
f(x3) = (3,3 +¢),
£
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Example

r A F(x') = (1,3 - o),
o © f(x*) = (2.3),
fx') () f(x)
f(x3) = (3,3 +¢),

oy

P(E + E°, R+ R%) = {x},x?, x%}.
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Thank you for your attention!
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