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Background

Convexification of (0-1) QPs and their relaxation, with some examples
Quadratic and semidefinite programming

The Quadratic Convex Reformulation (QCR) Method

The Nondiagonal QCR (NDQCR)

Some numerical experiments
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A standard 0-1 QP has the form:

min 2’ Qr + ¢l x
st. Ar=a
Bxr <b
xeq0.1}"

Q, A, B are matrices and g, a, b are vectors of appropriate dimensions.
X is a vector with binary decision variables

These problems are generally nonconvex. (Integer relaxed) convex problem if Q is PSD.

Applications include, for example:
Max-cut of a graph (unconstrained)
Knapsack problems (inequality constrained)
Graph bipartitioning
Task allocation
Quadratic assignment problems @
Coulomb glass problems '
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The following are equivalent (Q = Q7):

The quadratic function f(x) = xT Qx is convex on R™.
The matrix Q is positive semidefinite (psd, Q > 0).
All eigenvalues of Q are non-negative (4; = 0).

A sufficient condition for convexity: A diagonally dominant matris is psd.

Definition: A matrix Q is diagonally dominant if
Qi = ZlQij| Vi
#j
Also given by Gerschgorin’s circle theorem.
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Basic approach: If Q is indefinite, then sufficient large quadratic terms can be
added to the diagonal and the same amount subtracted from the linear terms.

(Such a convexification is an exact (0-1) reformulation of the original (0-1) QP
problem, but a convex relaxation of the (integer relaxed) QP problem.

The tightness of the convex relaxation affect the solution efficiency, when
solving the (0-1) QP-problem.)

Example 1
flx) =xT E ;] x = x% + 6x,x, + 2x5
Recalling that: x; € {0,1} & x? = x;

1 3 3 3 21"
f(x)=xT[3 2]x=xT3 Sx—[3] x = 3x% + 6x1%, + 5x2 — 2x; — 3x,

/
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTQx 12 -3 27|'m [—5.17]
s.t. x€{0,1}* _|12 2 -3 4 : _ |—1.04
N R ¢ig(@) =1 95

12 4 0 -2 | 8.26 |

a) Diagonal dominance

1 2 -3 21 [0
o-l2 2 3 4|,_|o
-3 =3 2 09770
2 4 o =21 o
| | — =T i i S
10 -8 -6 -4 2 2 4 6 8 10 Re
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTQx 12 -3 27|'m [—5.17]
s.t. x€{0,1}* _|12 2 -3 4 : _ |—1.04
N R ¢ig(@) =1 95

12 4 0 -2 | 8.26 |

a) Diagonal dominance

12 =3 271 [0
o-|2 2 -3 4|,_|o
-3 =3 2 09770
2 4 o =21 o
| i | i i o i i i —
10 -8 -6 -4 2 2 4 6 8 10 Re
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTQx 12 -3 27|M 517
s.t. x€{0,1}* _|12 2 -3 4 : _ |—1.04
OUT =15 5 5 || cB@=] 4

L2 4 | 8.26 |

a) Diagonal dominance
(1 2 =3 2]
2 2 -3 4
-3 -3 2 0
| 2 4 0 -2

0 =

Q)
Il
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTQx 12 -3 27|'m [—5.17]
s.t. x€{0,1}* _|12 2 -3 4 : _ |—1.04
OO e=15 5 5 o O Y-

| 2 4 0 -2 | 896

a) Diagonal dominance
[ 7 2 =3 2]
2 2 -3 4
-3 =3 2 0
12 4 0 -2

0 =

)
Il

soo3
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTQx 1 o2 -3 27|M 517
//\

st xeOU Q= cig(@ = [Toe.

o

a) Diagonal dominance
[ 7 2 =3 2]
2 2 -3 4
-3 =3 2 0
12 4 0 -2

0 =
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

A

A

min  xTQx 12 -3 27|'m —5.17]
s.t. x€{0,1}* _[2 2 -3 4 - e U
O o= 5 5 eig(Q) = nag
2 4 0 -2 826 |
a) Diagonal dominance
7 2 =3 2] 6]
0= 2 9 -3 4|,_|7
3 =3 2 0|97 o
2 4 0 =2 0.
| i i i | i i | .
10 -8 -6 -2 2 4 6 2 e pe
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

A

A

min  xTQx 12 -3 27|M 5.17]
s.t. x€{0,1}* _|12 2 -3 4 : e U
Out o e=15 5o, eig(Q) =1  ax
2 4 0 -2 o0 |
a) Diagonal dominance
7 2 =3 2] 6]
0 = 2 9 -3 4|._|7
3 -3 2 o7 o
2 4 0 =2 0.
11 i *—— preees
-10 -8 -6 ) 2 4 6 10 Re
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTOx 12 =3 27(m —5.17]
s.t. x€{0,1}* _|2 2 -3 4 i _1—1.04
oL e=15 5 ) ¢ig(@) =] (a5
2 4 0 -2 826 |
a) Diagonal dominance
7 2 -3 271 [6]
o-l2 9 =3 4|._|7
3 -3 6 0|77 |a
2 4 o =21 lo
| i | i i i i -0 .
10 -8 6 -4 -2 2. 14§ 3 g
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTQx 12 -3 27|M —5.17]
s.t. x€{0,1}* _|12 2 -3 4 : 104
Ut e=15 5 5 eig(@ = g5
2 4 0 -2 | 226 |
a) Diagonal dominance
7 2 -3 2] 6]
o=]2 9 -3 4|,/
3 3 6 0|97 |4
| 2 4 0 -2 0
i i p i i i
-10 2 6 8 10 Re
,, %E&:{
o S

){} g %%
\(\@% LN

OyolT BeR
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTOx 12 =3 27(m —5.17]
s.t. x€{0,1}* _ |2 2 =3 4 : A—1.04
Out o= 5o, eig(@) = (o5
2 4 0 -2 e
a) Diagonal dominance
7 2 -3 2 6]
o-|2 9 =3 4 ._|7
3 -3 6 o 17 |a
2 4 0 6l 8

i i . |
-10 -8 -6 -4 -2 2 4 §) 8 10 Re
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Convexification of 0-1 QPs

Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

a

min  xTOx 12 -3 27|M —5.17]
4 ’/\
s.t. x€{01}* (= 23 01'04

2 4/ 0~ . 6§26 |
a) Diagonal dominance |
! 2 =3 2]
2 2 -3 4
-3 =3 2 0
12 4 0 -2

0 =
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

A

A

min 7 Qx 1 2 =3 27|m —5.17]
s.t. x€{0,1}* _ |2 2 =3 4 : 1104
0.1 =13 3 2 o eig(@) = (o5
2 4 0 -2 e |
a) Diagonal dominance
"7 2 -3 2 6] 1 1.66 ]
~ 12 9 =3 4| . |7 . .~ |490
0=13 3 6 o] 77 |a]¢8@ =] ggg
2 4 0 6l 8] 14.56.
i | i | | . |90 i
10 -8 -6 -4 -2 9 A4 6 B 10 Re
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

min  xTQx (1 2 =3 2] —5.17]
s.t. x€{0,1}* _|12 2 -3 4 . _|-1.04
o1 ?=13 -3 2 o ¢ig(@) =1 .95
| 2 4 0 -2 | 8.26 |
a) Diagonal dominance
(7 2 =3 2 6] [ 1.66 | min xT Qx — §7x
A_2 9 =3 4| 5|7 o0 = | 490 s.t. x€[0,1]*
Q=125 3 o ol 174 eig(Q) =| ¢ ag [0,1]

| 2 4 0 6] 8. 114.56 Optimal value = —5.93

(continuous relaxation)
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal

mln xTQx [ 1 2 _3 2 | __5.17_
s.t. x€{0,1}* _[2 2 -3 4 i _ |~L.04
0.1 =13 3 2 o ¢ig(@) = 095
| 2 4 0 -2 | 8.26
a) Diagonal dominance
(7 2 =3 2 6] [ 1.66 | min xT Qx — §7x
A_12 9 =3 4| 5_17 io(0) = | 90 s.t. xe€[0,1]*
2 4 0 6 8 14.56 Optimal value = —5.93
) - o ] ] (continuous relaxation)
b) Minimum eigenvalue
[6.17 2 —3 2 [5.17] 0
~ | 2 717 =3 4 ~ _ |5.17 . oAy | 413
C=13 3 717 o | 97 (s517| @612
| 2 4 0 3.17] 15.17 113.43]

min xT Qx —§"«x
x € [0,1]*

Optimal value = —5.34

s.t (continuous relaxation)
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c) The best diagonal. The QCR method allows computation of the diagonal
for which the highest optimal value of the relaxation is obtained.

(293 2 -3 2 (1.93] i 1(;1
o2 428 -3 4 =428 eig(0) = oo
-3 -3 683 0 4.83 :
| 2 4 0  6.20 8.20. 112.21]
min x7 Qx — cA]Tx Optimal value = —4.08
s. t x € [0 1]4 (continuous relaxation)

The convexifications a-c are exact convex reformulations
of the (0-1) QP problem, but convex relaxations of the
corresponding integer relaxed QP problem, resulting in the

Minimum value of the (0-1) QP =
IBs: —5.93<-5.34<-4.08 < . 8,

:;"J =
In order to solve the (0-1) QP efficiently it is desirable to obtain a tight convex reformulation\.\ \\@ @,\%‘
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c) The best diagonal. The QCR method allows computation of the diagonal

that gives the highest optimal value of the relaxation.

2.93 2 -3 2 [1.93] : (;1
o2 428 -3 4 =428 eig(0) = oo
-3 -3 683 0 4.83 :
| 2 4 0 6.20. 18.20 112.21]
min x7 Qx — cA]Tx Optimal value = —4.08
s. t x € [0 1]4 (continuous relaxation)
min % Ox Optimal value = —3
st xefoll (0-1) QP

The convexifications a-c are exact convex reformulations
of the (0-1) QP problem, but convex relaxations of the
corresponding integer relaxed QP problem, resulting in the

LBs: —5.93<-5.34<-408<| -3

In order to solve the (0-1) QP efficiently it is desirable to obtain a tight convex reformulation.

(AN t;
(& \@ﬁ@
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Quadratic and semidefinite programming
Semidefinite relaxation of 0-1 QPs

min ' Qx + ¢l x
st. Ar=a
Bxr <b
re{0.1}"

The original problem can be relaxated into
a semidefinite program by using a positive
semidefinite matrix including the variables

T
X=xxT » X—xxT >0 < [1 x]>0
x X

A quadratic expression in x is linear in X:

Vox=tr(0x") = QX = ) ¥ Qu¥y

Binary condition: x; € {0,1} & x/—x;=0 & X = x;

Semidefinite relaxation:

min QeX+q'x
s. t. Ax = a
Bx <b

diag(X) = x

1 xT]>o
x X
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Lagrangian relaxation of a 0-1 QP:

n
f,Au,é)=x"0x+q"x+AT(Ax —a) + u" (Bx — b) + z §;(x% — x;)
i=1
= x7(Q + Diag(6))x + (q + ATA+ B"u— 8) x —ATa — u"b
o é C',T

Lagrangian dual probfem:

sup inf  xTQx+q'x+¢
5,4, u x €R"

which equals a semidefinite program

Inf (infinum) = GLB (the greates lower bound)
Sup (supremum) = LUB (the least upper bound)

max t
_ ) 1_T_
—t+cC Eq
s. t. 1 - =0
2 ¢ |

5§ €ER", 1 €R™ ue€Rk

Thus, we have both a primal and a dual SDP relaxation. The latter equals the dual of the _
Lagrangian relaxation of the 0-1 QP problem, from which we can obtain the multipliers. — § )

\@
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min QeX+q'x max t1 _
s. t. Ax = a —t4c E—T
Bx < b s.t. =0
diag(X) = x 1_ —
. S Q
1 x < 0 L 2 ]
X X]/ A E€R™ ueRk seRr

The solution of the dual relaxation give us the optimal values on the
multipliers : A%, u*, 6.

The multipliers, 6*, can then be used to construct the ”best” diagonal
perturbation of the matrix Q (recalling that the multipliers 6* are from
8;(x? — x;) and affect the diagonal of Q in the Lagrangian) according to

Q" = Q + Diag(5").

The SDPT3 solver in CVX (Grant and Boyd) can, for example, be used to solve the SDP problems.
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Inclusion of other constraints can, however, still improve the bounding
guality. There are many ways to include or construct quadratic constraints.

Add new redundant quadratic constraints (for example, RLT
(reformulation-linearization technique) constraints)

XiXj = 0, XiXj = X; + Xj — 1, XiXj < X;, XiXj < Xj

Combine and multiply existing linear constraints (some examples)

pTx=s = x;pTx=x;s Vi

pTx=s = A—-x)pTx=({1—x;)s Vi
p'x=s T T T (1T

. t:pxr x=st = xT(prT)x =st
rTx =

Ax=a = ||Ax—al||?=0 = xTATAx=a"a
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Original 0-1 QP Strengthened SDP relaxation
min ;ITQ:I? + gT T min () e X + qTx
St. AI’ = {1 S.t. AJ_‘,’ = (1
Bx <b Bxr <b
x e {0,1}" diag(X) =z
ATAe X =daTa

Xij 20, Xyzwt+a;,—1 Vi#]
Xij<wmi. Xyy<wx; Vi#]

1 a7
r X

re R", X eS§"

B

Multipliers from all quadratic constraints are used to convexify the objective
function so that the lower bound becomes as high as possible.

Multipliers: § e R"*,a € R, S,T,U,V =0
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Convexified 0-1 QP problem

min 27 Qx + ¢l x

Q* = Q + Diag(6*) + a*ATA - S* —T* 4+ U* +V*

27

S.t. Am:a q*:q+ATA*+BT *_6*
By < b ¢t = — —a*ala
e {0,1}"
(MIQP)
min 27 Q x +§*T$+E*+QZ Z (S5 +T75)yij — QZ Z (U5 +Vi5)zi
i=1 j=i+1 i=1 j=i+1
s.t. Axr =ua
Bxr <b

Yij 20, yiyzai+a;—1
Zij S Ty, Zij S
re{0,1}"

yija Z;‘j - R_|_ (@ < _])
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Non-diagonal quadratic convex reformulation technique (NDQCR)
Given a general QP01 problem.

1. Strengthen the problem by including a set of RLT inequalities and squared norm
constraints.

2. Solve the semidefinite relaxation (SDPr) and its dual (SDPd).
3. Collect the multiplier values and form problem MIQP.

4. Solve problem MIQP using any suitable solver.

The SDPT3 solver in CVX (Grant and Boyd) can, for example, be used to solve the SDP problems,
to get the multipliers needed to form the MIQP problem.

The optimal solution of the (0-1) QP problem can then be obtain by solving the MIQP problem,
for example, using CPLEX. The root node (when solving the MIQP) will end up with exactly
the same objective value as was obtained when solving the dual SDP problem.




Quadratic reformulation 29

Example 3:

min  z! Qr + ¢ x

Optimal value = -80
Ar =a of the (0-1) QP problem
5
xre{0,1}
[0 —24 2 18 —12 | [ —9 ] T
—24 0 —~35 18 —42 —T 1
Q=] 2 -35 0 20 2 |, g=| 2 |, AT=]|0 a=2
18 18 20 0 —44 23 1
| —12 42 2 -4 0 | . 12 | .
i) a and ¢ perturbations (QCR method) Strategy 1) ii) iii) iv) v)
ii) @, § and S perturbations v(*) -88.02 | -80 | -82.23 -82.20 -83.84
iii) «a, 0 and T perturbations Lower bounds:
. ) . I.e. optimal values of the different dual SDPs.
IV) a, 0 and U perturbations Also equal to the root node values when solving the corresponding MIQPs.
V) a, 0 and V' perturbations Observe that, in this case, the optimal (0-1) QP solution will already be

found in the root node when, using the ii) strategy, to form the MIQP.
(The S multipliers in ii) are nondiagonal multipliers in the Q matrix ey
obtained from including RLT constraints of the form X;; = 0, wﬁ
R
=

while the a and 6 multipliers affecting the diagonal of Q
T

are from the squared norm constraint xTATAx = aTa /)

and the binary conditions x? = x;. \ \\@
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Best reformulation - strategy (ii)

Multipliers 0 199 140 5696 12.66 ] [ —15.89 ]
199 0 0 3240 0 4.78
S*=| 140 D 0 2238 0 |, &=| 100 |, a*=11332
56.96 3240 2238 0 6.36 ~18.07
| 1266 0 0 636 0 | | —25.22
Matrices [ 9744 87.33 0.60 74.36  88.66 | [ 6.89
87.33 11810 —3.50 98.92 71.32 —11.78
Q" =Q+Diag (6") +a*ATA—S*=| 060 —350 100 —238 200 7 =q—-0"=| L00
7436 9892 —238 9526 62.96 41.07
| 88.66  71.32  2.00  62.96 88.10 | | 3722 |
Convexified QP 7 = —a*a’a = —453.29

min 2’ Qa+g r+7+2 Z S7ivii
(i,5)€l
st. T14+ax9+1y+T5=2
vij >0, yiy >xi+x;—1 V(i,j)el
re{0.1}
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Given n sites in the plane. k of these sites are filled with electrons.
Find the configuration that has minimal energy.

Energy = Coulomb interaction + site specific energy

Variables: x € {0,1}" x; = {0' if site i is empty

1 , if sitei is filled

min xTQx + q'x
s.t. elx =k ®
x € {0,1}" i O
L ®
0, ifi = O
ZTU' ifi #j

The Coulumb glass is a physical model for lightly doped semiconductors at very low temperature (a few K) where
the conduction electrons are localized to certain impurity sites and the electrones strongly interact with each other.




Total time in seconds

Total time in seconds
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10°

3 ——M : :
1 — Ave k = in all experiments
& 2
—— Min
102 - E .
1 ] Constraints X;; = 0 and X;; =
' x; + x; — 1 are included for
10t f indeces corresponding to the
p% largest elements of Q.
10° £ | | | \ | | | \ | = .
0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100% Even a small fraction of non-
Percentage of non-diagonal elements included diagonal elements haS a Iarge
r . v impact on the total solution
) g AN .
i | | —Avg time.
10° | - | =— Min
2% - 10% non-diagonal
1021 | elements result in fastest
1 solution times.
10" ¢ :

L I I I I I | | I | i
0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

Percentage of non-diagonal elements included
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The problem is to identify a binary signal
x € {0,1}" from a collection of noisy

measurements.
MIQP SiipP Total
Size (n) Gap Time Gap Time time
40 0.00 % 1.2 21.47 % 0.4 1.6
60 0.00 % 16.3 27.33 % 0.5 16.8
80 0.00 % 175.0 | 31.50 % 0.6 175.6
100 3.29 % 1849.9 | 37.59 % 0.8 1850.7

Table 1: Average results for BLS with QCR

MIQP SDP Total

Size (n) Gap Time Gap Time | time
40 0.00 % 0.6 2.78 % 14.1 14.8
60 0.00 % 3.8 5.87 % 41.0 44.8
80 0.00 % 174 7.72 % 107.8 | 125.2
100 0.00% 236.5 | 11.13 % 261.8 | 498.4

Table 3: Average results for BLS with NDQCR

min

s.t.

min

S.t.

| D — d|*
e {0,1}"

33

D'DeX —2d"Da +d"d

diag (X) ==

R
|:JI X]%O

X‘ij 2 0! le. 2 &r; *l—.ljj —1

Xij < a0 Xy <y
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These instances are special type QAP problems, where the flow matrix F
has only binary elements and is of rank 1. These problems can, therefore,
be rewritten into simplier (0-1) QP problems with only n binary variables
and Q=D with n? elements (instedad of n? binaries and n* elements in the
extended Q matrix, when using the tensor formulation). The flow matrix is
first written in the form:

F = bbT where b € {0,1}".

The objective function of the QAP can therafter be rewritten and simplified
using the binary rank-1 property, as follows:

trace(DXFXT) = trace(DXbbTXT) = trace(DXb(Xb)T)
= trace(DyyT) = trace(y"Dy) = y"Dy

and we end up in a (0-1) QP of the following form:

min y’ Dy
s.t. ETy =p
y € {0,1}"
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NDQCR (Y20) versus QCR on tai3é6c

p values versus total solution time

I I I I I I I -]
—— NDQCR | . T
—— QCR | ] i yT Dy
3 5 s.t. eEYy=2p
= 10°¢ E n
o ] Yy e {U 1}
E 10t | E
3 §
=z i
107 E
| | | | | | | | | -
2 4 6 8 10 12 14 16 18
p
p=11 QCR NDQCR
CPU time 433 s 15 s

SDP gap 24 % 4 %
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q
&
o
S
S
|
|

2,000 |- B

Total time in seconds

1,000 |- .

H"'\.’,,o—.\_.

0 | | | | | | | | |
0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

Percentage of non-diagonal elements included
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The Tai6é4c problem

Lower bound = |1 814 485 in 49sec when using NDQCR
Optimal solution = (1 855 928 in 529sec when using NDQCR | *)

The Tai256c problem (Largest problem in QAPLIB)

/" NDQCR -\ Best known solutions in QAPLIB
Lower bound = d- 00 () 1a) 43 849 646 2)
44 095 032 1D}
Best solution = (44 834 218) 1b) 44 759 294  3)
EAP:1,65% (or 1.48%)) GAP=2.03%

*) Optimal solution verified by Drezner in (2005) in 2h 11min 45 sec.
1a) LB Obtained with the NDQCR in 2h 46 min 46 sec when solving the dual SDP relaxation.
1b) Best LB and UB obtained with the NDQCR technique after 8d 12h 46min 25sec when solving
the MIQP problem, with CPLEX and it terminated because the node limit exceeded. S

2) Obtained by Peng J., Mittelmann H. and Li X. (2008), in 4h 23min 7 sec using matrix splitting, (S-SVD)

) Ob db I h %g % {;
3) Obtained by using Ant colony technique.
B B
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Nodefile size = 534795.87 MB (229588.65 HB after compression -~
2098873178 1823992220 4_4L248e+007 4.48342e +807 4_40950e+087 1. 76e+0108 1.65:x»
2098895651 1824A11636 4.41477e+887 183 4.48342e +A07 4_40958e+007 1.76e+810 1.65x
2098917564 1824038684 4.43833e+887 132 4.48342e+807 4.40950e+AA7 1.76e+810 1.65x
2098940604 1824A5A582 4.42715e+887 155 4.48342e+807 4.40950e+A07 1.76e+810 1.65x
2098962099 1824069161 4.46531e+887 87 4.48342e+807 4.40958e+AA7 1.76e+810 1.65x
2098985048 1824888985 4.45721e+887 117 4.48342e+8A7 4.40950e+AA7 1.76e+810 1.65x
2097007858 1824188753 4.47313e+887 88 4.48342e+807 4.40950e+AA7 1.76e+810 1.65x
2097030746 1824128455 4.4230%e+887 161 4.48342e+8A7 4.40950e+AA7 1.76e+810 1.65x i
2099052928 1824147599 4.47152e+887 77 4.48342e+807 4.40958e+AA7 1.76e+810 1.65x SolutIOn result
2899875121 1824166922 4.438048e+087 147 4.48342e+807 4.48958e+087 1.76e+018 1.65x

Elgp:eg real tim§3:Bg§7gg2ﬁ%B(;ggéigtggengiz: = L37852.37 I"IBS solutions = 28>
odefile size = - - after compression =
2899097727 1824186463 4.43708e+807 135 4.48342e+@07 4.409508e+007 1.76e+@10  1.65% When SOlV”’]g the
2099119794 1824285548 4.4473%e+887 118 4.48342e+8A7 4.40950e+A07 1.76e+810 1.65x
2099141712 18242245600 4.46030e +087 91 4.48342e+887 4.40950e+AA7 1.76e+810 1.65x

2099163747 1824243528 4.4269@e+0@7 155 4.48342¢+B07 4.48950e+0@7 1.76e+@1@  1.65x M |QP roblem Obtan’led
2099186375 1824263884 4.44406e+007 120 4.48342¢+B07 4.48950e+0@7 1.76e+@1@  1.65x 3
e iate Cugian B S sumedas e o :
- e+ - e+ - e+ - e+ - “
2099253897 1824321543 4.47867e+007 8@ 4.48342¢+B@7 4.48950e+0@7 1.76e+@1@  1.65x fOF the tal2560 pI’Oblem -
2099276639 1824341217 4.44999¢+087 103 4.48342¢+B@7 4.48950e+007 1.76e+@1@  1.65x
2099299147 1824368736  4.41995¢+007 152 4.48342¢+B07 4.48950e+007 1.76e+@1@  1.65x -
Elapsed real time = 729760.69 sec. (tree size - 537909.49 MB, solutions - 28) USEng the NDQCR
NHodefile size = 534918.85 MB (229641 .37 MB after compression)

2099322186 1824380634 4.4486%e+807 121 4.48342e+807 4_.40958e+887 1.76e+B18 1.65% - -
2099345012 1824480413 4.446814e+807 154 4.48342e+807 4.40958e+887 1.76e+B18 1.65% teChnl ue Wlth .
2099367325 1824419738 4_41685e+887 182 4.48342e+@@7 4_40958e+887 1.76e+@108 1.65x» =
2899389622 1824439844 4_46354e+807 188 4.48342e+807 4.40958e+807 1.76e+B18 1.65%
2899411553 1824457989 4.43643e+887 141 4.48342e+807 4_.40958e+807 1.76e+B18 1.65%
2899433638 1824477137 4.42562e+887 147 4.48342e+807 4.40958e+887 1.76e+B18 1.65%
2099456447 1824496872 4.41448e+807 184 4.48342e+807 4_.40958e+887 1.76e+B18 1.65%
2899478980 1824516317 4.4259%e+807 165 4.48342e+807 4_.40958e+887 1.76e+B18 1.65%

2899501543 1824535982 4.47895e+887 69 4.48342e+807 4.40958e+807 1.76e+B18 1.65% CPLEX 12 6 O O
2899524283 1824555564 4.42692e+887 157 4.48342e+887 4.40958e+807 1.76e+B18 1.65%
Elapsed real time = ?32148.63 sec. (tree size = 537966.98 MB. solutions = 28>

Hodefile size = 534967.84 MB (229667.40 MB after compression?

2899546642 18245756815 4.47883e+807 57 4.48342e+807 4.40958e+807 1.76e+B18 1.65%
2899569270 1824594548 4.41247e+807 179 4.48342e+807 4_.40958e+887 1.76e+B18 1.65%
2899592122 1824614382 4.45815e+887 82 4.48342e+807 4.40958e+807 1.76e+B18 1.65% C: =
2099614352 1824633486 4.47862e+807 66 4.48342e+807 4_.40958e+807 1.76e+B18 1.65% Omputer
2099636169 1824652388 4.41983e+807 157 4.48342e+807 4_.40958e+807 1.76e+B18 1.65%

2099658853 1824671884 4.42775e+@07 146 4.48342e+AA7 4.40950e+AA7 1.76e+A10 1.65% -
2099681844 1824691842 4.47781e+0A7 54 4.48342e+@A7 4.40950e+AA7 1.76e+A10 1.65% InteI(R) CoreTM) |7 CPU
ol ey Linlieer 47 Sanod Damsessr nems L

- e+ - e+ - e +| - e+ - “
2099750107 1824751168 4.44767¢+007 185 4.48342e+007 4.40950c+007 1.76e+010 1.65% X980 3 3SGHZ 3 3BGHZ

Elapsed real time = ?34536.46 sec. (tree size = 538824.53 MB. solutions = 28> ] =

NHodefile size = 535825.84 MB <229693.74 MB after compression)

2099772893 1824770946 4.41655e+@07 173 4.48342e+AA7 4.40950e+AA7 1.76e+010 1.65% RAM 8 OOGB
2099795229 1824799277 4.46453e+@A7 8@ 4.48342e+AA7 4.40950e+AA7 1.76e+A10 1.65%

2997817627 18248A9566 4.41%748e+087 161 4.48342e+807 4.40950e+007 1.76e+010 1.65x
2097840607 1824829459 4.47856e+007 86 4.48342e+B07 4.40950e+007 1.76e+010 1.65x
2097863477 1824849261 4.42374e+007 188 4.48342e+A07 4.40950e+007 1.76e+010 1.65x
2997885352 18248681608 4.43%44e+807 119 4.48342e+807 4.40950e+007 1.76e+010 1.65x
2097908066 1824887776 4.449%%e+887 125 4.48342e+007 4.40950e+007 1.76e+010 1.65x

2099930393 1824907139 4.467650+007 66 4.48342¢+B07 4.40950c+007 1.76e+B1@  1.65% _b

2099952892 1824926628 4.43156e+007 155 4.48342¢+007 4.48950c+007 1.76e+B1i@  1.65% 64 It Operatlﬂg SyStem
2099974610 1824945430 4.43171e+007 134 4.48342¢+007 4.40950c+007 1.76e+B1i@  1.65x

Elapsed real time = ?36914.81 sec. (tree size = 538881.72 MB. solutions = 28> 2

Nodefile size - 535@82.83 MB (229719.78 MB after compeession? \Nln OWS7

2099996898 1824964733 4.45142e+887 88 4.48342e+887 4.40958e+807 1.76e+810 1.65x
Flow cuts applied: 31

[Root node processing (hefore héc):
Real time
Parallel b&c. 12 threads

Real time 737183 .81
Sync time {(average) 337189.75
Wait time {(average) 1368552 .29

Total <root+branchi&cut> = 737183.84 sec.

Solution pool: 28 solutions saved.

MIF — Node limit exceeded. integer feasible: Objective = 4.4834217992e+8087

Current MIP best bound = 4.4895832451e+087 {(gap = 739186, 1.65:x>

Solution time = 737185.28 sec. Iterations = —2147483648 HNodes = 21898000ARAS (1824967411

4 1 2




Quadratic reformulation 39

A technique for non-diagonal quadratic convex reformulation
(NDQCR) was presented.

The non-diagonal elements were obtained by adding squared norm
constraints and a set of redundant RLT inequalities in the Largrangian
relaxation of the (0-1) QP.

The NDQCR technique gives tight bounding reformulations and fast solution
for small to medium sized (n < 200), (0-1) QP problems.

Full application still difficult for (very) large (0-1) QP problems (n > 300)
(>90 000 elements in the Q matrix!)

However, inclusion of just a few RLT inequalities may still have a large
impact on the solution time and bounding quality when solving large (0-1)
QP problems.

Future work: Discover other set of inequalities to include.
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