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A standard 0-1 QP has the form: 

Applications include, for example: 
 Max-cut of a graph (unconstrained)
 Knapsack problems (inequality constrained)
 Graph bipartitioning
 Task allocation
 Quadratic assignment problems
 Coulomb glass problems 
 Gray-scale pattern problems, (for example the taixxc instances in QAPLIB)

Q, A, B are matrices and q,	a,	b are vectors of appropriate dimensions. 
x  is a vector with binary decision variables

These problems are generally nonconvex. (Integer relaxed) convex problem if Q is PSD.
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The following are equivalent ሺܳ ൌ ்ܳሻ:

 The quadratic function ݂ ݔ ൌ ݔ்ܳݔ is convex on ܴ௡.
 The matrix ܳ is positive semidefinite (psd, ܳ ≽ 0).
 All eigenvalues of ܳ are non-negative (ߣ௜ ൒ 0).

A sufficient condition for convexity: A diagonally dominant matris is psd.

Definition: A matrix ܳ is diagonally dominant if

ܳ௜௜ ൒෍ ܳ௜௝
௜ஷ௝

					∀݅

Also given by Gerschgorin’s circle theorem.

Background, convexity
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Basic approach: If Q is indefinite, then sufficient large quadratic terms can be 
added to the diagonal and the same amount subtracted from the linear terms.

(Such a convexification is an exact (0-1) reformulation of the original (0-1) QP 
problem, but a convex relaxation of the (integer relaxed) QP problem.
The tightness of the convex relaxation affect the solution efficiency, when
solving the (0-1) QP-problem.) 

Example 1

Recalling that: ௜ݔ ∈ 0,1 		⇔ ௜ଶݔ ൌ ௜ݔ

݂ ݔ ൌ ்ݔ 1 3
3 2 ݔ ൌ ଵଶݔ ൅ ଶݔଵݔ6 ൅ ଶଶݔ2

݂ ݔ ൌ ்ݔ 1 3
3 2 ݔ ൌ ்ݔ 3 3

3 5 ݔ െ 2
3

்
ݔ ൌ ଵଶݔ3 ൅ ଶݔଵݔ6 ൅ ଶଶݔ5 െ ଵݔ2 െ ଶݔ3

Positive 
semidefiniteIndefinite
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

෠ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10

ොݍ ൌ

0
0
0
0

x x x x
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

෠ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10

ොݍ ൌ

0
0
0
0
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0
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 
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૟
0
0
0

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 
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ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

෠ܳ ൌ

ૠ 2 െ3 2
2 ૢ െ3 4
െ3 െ3 2 0
2 4 0 െ2

ොݍ ൌ

૟
ૠ
0
0

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10



a) Diagonal dominance

Convexification of 0-1 QPs

13Quadratic reformulation
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Re-4 2-2 4-6 6 8-8-10 10
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

෠ܳ ൌ

ૠ 2 െ3 2
2 ૢ െ3 4
െ3 െ3 ૟ 0
2 4 0 ૟

ොݍ ൌ

૟
ૠ
૝
ૡ

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

a) Diagonal dominance

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10

෠ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

ොݍ ൌ

0
0
0
0

x xxx
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

෠ܳ ൌ

ૠ 2 െ3 2
2 ૢ െ3 4
െ3 െ3 ૟ 0
2 4 0 ૟

ොݍ ൌ

૟
ૠ
૝
ૡ

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

Im

Re-4 2-2 4-6 6 8-8-10 10

eigሺ ෠ܳሻ ൌ

1.66
4.90
6.88
14.56

xxx
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

a) Diagonal dominance

෠ܳ ൌ

7 2 െ3 2
2 9 െ3 4
െ3 െ3 6 0
2 4 0 6

ොݍ ൌ

6
7
4
8

eigሺ ෠ܳሻ ൌ

1.66
4.90
6.88
14.56

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

min 	்ݔ ෠ܳݔ െ  ݔො்ݍ
.ݏ .ݐ ݔ ∈ ሾ0,1ሿସ

Oܔ܉ܕܑܜܘ	܍ܝܔ܉ܞ ൌ െ૞. ૢ૜
(continuous relaxation)
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Example 2: a) Diagonal dominance, b) Minimum eigenvalue, c) Best diagonal 

ܳ ൌ

1 2 െ3 2
2 2 െ3 4
െ3 െ3 2 0
2 4 0 െ2

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

a) Diagonal dominance

෠ܳ ൌ

7 2 െ3 2
2 9 െ3 4
െ3 െ3 6 0
2 4 0 6

ොݍ ൌ

6
7
4
8

eigሺ ෠ܳሻ ൌ

1.66
4.90
6.88
14.56

eigሺܳሻ ൌ

െ5.17
െ1.04
0.95
8.26

min 	்ݔ ෠ܳݔ െ  ݔො்ݍ
.ݏ .ݐ ݔ ∈ ሾ0,1ሿସ

Oܔ܉ܕܑܜܘ	܍ܝܔ܉ܞ ൌ െ૞. ૢ૜
(continuous relaxation)

b) Minimum eigenvalue

෠ܳ ൌ

6.17 2 െ3 2
2 7.17 െ3 4
െ3 െ3 7.17 0
2 4 0 3.17

ොݍ ൌ

5.17
5.17
5.17
5.17

eigሺ ෠ܳሻ ൌ

0
4.13
6.12
13.43

min 	்ݔ ෠ܳݔ െ  ݔො்ݍ
.ݏ .ݐ ݔ ∈ ሾ0,1ሿସ

Oܔ܉ܕܑܜܘ	܍ܝܔ܉ܞ ൌ െ૞. ૜૝
(continuous relaxation)
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c) The best diagonal. The QCR method allows computation of the diagonal 
for which the highest optimal value of the relaxation is obtained. 

eigሺ ෠ܳሻ ൌ

0
1.31
6.71
12.21

min 	்ݔ ෠ܳݔ െ  ݔො்ݍ
.ݏ .ݐ ݔ ∈ ሾ0,1ሿସ

Oܔ܉ܕܑܜܘ	܍ܝܔ܉ܞ ൌ െ૝. ૙ૡ
(continuous relaxation)

෠ܳ ൌ

2.93 2 െ3 2
2 4.28 െ3 4
െ3 െ3 6.83 0
2 4 0 6.20

ොݍ ൌ

1.93
2.28
4.83
8.20

The convexifications a-c are exact convex reformulations
of the (0-1) QP problem, but convex relaxations of the
corresponding integer relaxed QP problem, resulting in the

LBs: െ૞. ૢ૜ ൑ െ૞. ૜૝ ൑ െ૝. ૙ૡ ൑

In order to solve the (0-1) QP efficiently it is desirable to obtain a tight convex reformulation.

Minimum value of the (0-1) QP
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c) The best diagonal. The QCR method allows computation of the diagonal  
that gives the highest optimal value of the relaxation. 

eigሺ ෠ܳሻ ൌ

0
1.31
6.71
12.21

min 	்ݔ ෠ܳݔ െ  ݔො்ݍ
.ݏ .ݐ ݔ ∈ ሾ0,1ሿସ

Oܔ܉ܕܑܜܘ	܍ܝܔ܉ܞ ൌ െ૝. ૙ૡ
(continuous relaxation)

෠ܳ ൌ

2.93 2 െ3 2
2 4.28 െ3 4
െ3 െ3 6.83 0
2 4 0 6.20

ොݍ ൌ

1.93
2.28
4.83
8.20

min ݔ்ܳݔ
.ݏ .ݐ ݔ ∈ 0,1 ସ

Oܔ܉ܕܑܜܘ	܍ܝܔ܉ܞ ൌ െ૜
(0-1) QP

The convexifications a-c are exact convex reformulations
of the (0-1) QP problem, but convex relaxations of the
corresponding integer relaxed QP problem, resulting in the

LBs: െ૞. ૢ૜ ൑ െ૞. ૜૝ ൑ െ૝. ૙ૡ ൑ -3

In order to solve the (0-1) QP efficiently it is desirable to obtain a tight convex reformulation.
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ܺ ൌ ்ݔݔ 		↦ 			ܺ െ ்ݔݔ ≽ 0			 ⟺			 1 ்ݔ
ݔ ܺ

≽ 0

The original problem can be relaxated into
a semidefinite program by using a positive 
semidefinite matrix including the variables

Binary condition:  ݔ௜ ∈ 0,1 		⇔ 		 ௜ଶݔ െ ௜ݔ ൌ 0	 ⇔		 ௜ܺ௜ ൌ ௜ݔ

min ܳ • ܺ ൅ ݔ்ݍ
.ݏ .ݐ ݔܣ ൌ ܽ
	 ݔܤ ൑ ܾ
	 diag ܺ ൌ ݔ

	 1 ்ݔ
ݔ ܺ

≽ 0

Semidefinite relaxation:

A quadratic expression in ݔ is linear in ܺ:  

ݔ்ܳݔ ൌ ݎݐ ்ܳܺ ൌ ܳ • ܺ ൌ෍෍ܳ௜௝ ௜ܺ௝	
௝௜



Deriving a dual problem
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Lagrangian relaxation of a 0-1 QP:

݂ ,ݔ ,ߣ ,ߤ ߜ ൌ ݔ்ܳݔ ൅ ݔ்ݍ ൅ ்ߣ ݔܣ െ ܽ ൅ ்ߤ ݔܤ െ ܾ ൅෍ߜ௜ሺݔ௜ଶ െ ௜ሻݔ
௡

௜ୀଵ
ൌ ሺ்ܳݔ ൅ Diag ߜ

ொത
ሻݔ ൅ ሺݍ ൅ ߣ்ܣ ൅ ߤ்ܤ െ ሻߜ

௤ത

்ܽߣെ	ݔ் െ ்ܾߤ
௖̅

sup inf ்ݔ തܳݔ ൅ ݔത்ݍ ൅ ܿ̅
,ߜ ,ߣ ߤ ݔ ∈ ܴ௡ 	

Lagrangian dual problem:

which equals a semidefinite program

max ݐ

.ݏ .ݐ
െݐ ൅ ܿ̅

1
2 തݍ

்

1
2 തݍ

തܳ
≽ 0

	 ߜ ∈ ܴ௡, ߣ ∈ ܴ௠, ߤ ∈ ܴା௞

Thus, we have both a primal and a dual SDP relaxation. The latter equals the dual of the 
Lagrangian relaxation of the 0-1 QP problem, from which we can obtain the multipliers.

Inf (infinum)      = GLB (the greates lower bound)
Sup (supremum) = LUB (the least upper bound)



The primal and dual relaxations of the 0-1 QP
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max ݐ

.ݏ .ݐ
െݐ ൅ ܿ̅

1
2 തݍ

்

1
2 തݍ

തܳ
≽ 0

	 ߣ ∈ ܴ௠, ߤ ∈ ܴା௞, ߜ ∈ ܴ௡

min ܳ • ܺ ൅ ݔ்ݍ
.ݏ .ݐ ݔܣ ൌ ܽ
	 ݔܤ ൑ ܾ
	 diag ܺ ൌ ݔ

	 1 ்ݔ
ݔ ܺ

≽ 0

The solution of the dual relaxation give us the optimal values on the 
multipliers ,∗ߣ  : ,∗ߤ ∗ߜ .

The multipliers, ∗ߜ ,	can then be used to construct the ”best” diagonal 
perturbation of the matrix ܳ (recalling that the multipliers  are from	∗ߜ
௜ଶݔ௜ሺߜ െ ௜ሻݔ and affect the diagonal of Q in the Lagrangian) according to 

ܳ∗ ൌ ܳ ൅ Diag ∗ߜ .

The SDPT3 solver in CVX (Grant and Boyd) can, for example, be used to solve the SDP problems.



Strengthening the relaxation
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Inclusion of other constraints can, however, still improve the bounding
quality. There are many ways to include or construct quadratic constraints.

1) Add new redundant quadratic constraints (for example, RLT 
(reformulation-linearization technique) constraints)

௝ݔ௜ݔ ൒ 0, ௝ݔ௜ݔ ൒ ௜ݔ ൅ ௝ݔ െ 1, 	 ௝ݔ௜ݔ ൑ ,௜ݔ ௝ݔ௜ݔ ൑ ௝ݔ

2) Combine and multiply existing linear constraints (some examples)

ݔ்݌ ൌ 		ݏ ⟹			 ݔ்݌௜ݔ ൌ ݅∀			ݏ௜ݔ
ݔ்݌ ൌ 		ݏ ⟹			 ሺ1 െ ݔ்݌௜ሻݔ ൌ ሺ1 െ ݅∀			ݏ௜ሻݔ

ቊ݌
ݔ் ൌ ݏ
ݔ்ݎ ൌ ݐ

	⟹ ݔ்ݎݔ்݌	 ൌ 	ݐݏ ⟹			 ்ݔ ்ݎ݌ ݔ ൌ 	ݐݏ

ݔܣ ൌ ܽ ⟹ ݔܣ െ ܽ ଶ ൌ 0 ⟹		 ݔܣ்ܣ்ݔ ൌ ்ܽܽ



Our strengthening
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Original 0-1 QP Strengthened SDP relaxation

 Multipliers from all quadratic constraints are used to convexify the objective
function so that the lower bound becomes as high as possible.

 Multipliers: ߜ ∈ ܴ௡, ߙ ∈ ܴ, 	ܵ, ܶ, ܷ, ܸ ൒ 0	



Convexified 0-1 QP problem
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The NDQCR method
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The SDPT3 solver in CVX (Grant and Boyd) can, for example, be used to solve the SDP problems,
to get the multipliers needed to form the MIQP problem.

The optimal solution of the (0-1) QP problem can then be obtain by solving the MIQP problem, 
for example, using CPLEX. The root node (when solving the MIQP) will end up with exactly
the same objective value as was obtained when solving the dual SDP problem. 



NDQCR versus QCR

29Quadratic reformulation

Example 3:
Optimal value = -80

of the (0-1) QP problem

Lower bounds:
I.e. optimal values of the different dual SDPs.
Also equal to the root node values when solving the corresponding MIQPs.

Observe that, in this case, the optimal (0-1) QP solution will already be 
found in the root node when, using the ii) strategy, to form the MIQP. 
(The S multipliers in ii) are nondiagonal multipliers in the Q matrix
obtained from including RLT constraints of	the	form		 ௜ܺ௝ ൒ 0,
while the ߙ and ߜ	multipliers affecting the diagonal of Q
are from the squared norm constraint ݔܣ்ܣ்ݔ ൌ ்ܽܽ
and the binary conditions ௜ଶݔ ൌ .௜ݔ



NDQCR versus QCR
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Best reformulation – strategy (ii)

Multipliers

Matrices

Convexified QP
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Coulomb glass problem

Given n sites in the plane. k of these sites are filled with electrons. 
Find the configuration that has minimal energy.

Energy = Coulomb interaction + site specific energy

Variables: ݔ ∈ 0,1 ௡ ௜ݔ ൌ ቊ0, 	if	site	݅	is	empty1		, if	site	݅	is	filled

min ݔ்ܳݔ ൅ ݔ்ݍ
.ݏ .ݐ ݔ்݁ ൌ ݇
	 ݔ ∈ 0,1 ௡

ܳ௜௝ ൌ ൞
0, if	݅ ൌ ݆
1
௜௝ݎ2

, if	݅ ് ݆

௜௝ݎ

The Coulumb glass is a physical model for lightly doped semiconductors at very low temperature (a few K) where
the conduction electrons are localized to certain impurity sites and the electrones strongly interact with each other.
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NDQCR on Coulomb glass problems (n=50, n=100)

 ݇ ൌ ௡
ଶ

in all experiments

 Constraints ௜ܺ௝ ൒ 0 and ௜ܺ௝ ൒
௜ݔ ൅ ௝ݔ െ 1 are included for 
indeces corresponding to the 
p% largest elements of Q.

 Even a small fraction of non-
diagonal elements has a large
impact on the total solution 
time.

 2% - 10% non-diagonal 
elements result in fastest
solution times.
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Boolean least squares

The problem is to identify a binary signal 
ݔ ∈ 0,1 ௡ from a collection of noisy
measurements.
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Taixxc instances from QAPLIB
These instances are special type QAP problems, where the flow matrix F
has only binary elements and is of rank 1. These problems can, therefore, 
be rewritten into simplier (0-1) QP problems with only ݊ binary variables
and Q=D with ݊ଶ elements (instedad of ݊ଶ binaries and ݊ସ elements in the 
extended Q matrix, when using the tensor formulation). The flow matrix is 
first written in the form:

ܨ ൌ ்ܾܾ where ܾ ∈ 0,1 ௡.

trace ்ܺܨܺܦ ൌ trace ்்ܾܾܺܺܦ ൌ trace ܾܺܦ ܾܺ ்

ൌ trace ்ݕݕܦ ൌ trace ݕܦ்ݕ ൌ ݕܦ்ݕ

and we end up in a (0-1) QP of the following form: 

The objective function of the QAP can therafter be rewritten and simplified
using the binary rank-1 property, as follows:
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NDQCR (Y≥0) versus QCR on tai36c

p	ൌ11 QCR NDQCR
CPU time 433 s 15 s
SDP gap 24 % 4 %
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NDQCR on problem tai64c
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Some results when solving large QAP problems
from QAPLIB with the NDQCR technique

The Tai64c problem
Lower bound =   1 814 485 in   49sec  when using NDQCR
Optimal solution =   1 855 928 in 529sec  when using NDQCR    *)

The Tai256c problem (Largest problem in QAPLIB)
NDQCR                 Best known solutions in QAPLIB

Lower bound =       43 849 789   1a)                43 849 646    2)
44 095 032 1b)

Best solution =      (44 834 218) 1b)               44 759 294     3)
GAP=1,65% (or 1.48%)           GAP=2.03%

*) Optimal solution verified by Drezner in (2005) in 2h 11min 45 sec.

1a) LB Obtained with the NDQCR in 2h 46 min 46 sec when solving the dual SDP relaxation.
1b) Best LB and UB obtained with the NDQCR technique after 8d 12h 46min 25sec when solving

the MIQP problem, with CPLEX and it terminated because the node limit exceeded.

2) Obtained by Peng J., Mittelmann H. and Li X. (2008), in 4h 23min 7 sec using matrix splitting, (S-SVD)

3) Obtained by using Ant colony technique.
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Solution result
when solving the 
MIQP problem, obtained
for the tai256c problem,
using the NDQCR 
technique with:

CPLEX 12.6.0.0

Computer:
Intel(R) CoreTM) i7 CPU
X980 @ 3,33GHz 3.33GHz
RAM 8,00GB

64-bit Operating System
Windows7
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Conclusions

 A technique for non-diagonal quadratic convex reformulation
(NDQCR) was presented.

 The non-diagonal elements were obtained by adding squared norm 
constraints and a set of redundant RLT inequalities in the Largrangian
relaxation of the (0-1) QP.

 The NDQCR technique gives tight bounding reformulations and fast solution 
for small to medium sized (n < 200),  (0-1) QP problems.

 Full application still difficult for (very) large (0-1) QP problems (n > 300)
(>90 000 elements in the Q matrix!)

 However, inclusion of just a few RLT inequalities may still have a large
impact on the solution time and bounding quality when solving large (0-1) 
QP problems.

Future work: Discover other set of inequalities to include.
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